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ON THE UNIFORM APPROXIMATION 
PROPERTY IN BANACH SPACES 

BY 

A. SZANKOWSK1 

ABSTRACT 

We derive a criterion for a Banach space to fail the uniform approximation 
property (UAP). This criterion is applied to prove that q, spaces of matrices fail 
U A P i f p > 8 0 .  

0. A Banach space X has the uniform approximation property (abbreviated 

UAP) if for every integer k there exists an integer m(k)  such that for every 

k-dimensional subspace E of X there exists an operator T : X ~ X such that 

][T][~A, rkT<=m(k) and TpE=Id~ 

for some A < ~ which is independent of k. (TE denotes the restriction of T to E 

and IdE denotes the identity on E.) 

This notion was introduced in [4] and has been discussed in some detail in [1], 

[3], [5]. In [4] it was proved that the spaces Lp have UAP. This result was 

extended in [3], where it was proved that the reflexive Orlicz spaces have UAP. 

In [5] it was shown that the spaces of type (Lp 0 L,, O"")t, have UAP. In [1] 

several abstract results were obtained (e.g., that the dual of a space with UAP 

also has UAP). [1] also generalized the results of [5]. Probably the deepest result 

concerning UAP is that of P. Jones [2], who proved recently that the space H~ 

does have UAP. 

Obviously, UAP is a stronger property than the approximation property. 

Unlike the approximation property, it is usually quite difficult to verify that a 

given Banach space has UAP (as the results quoted above indicate). 

In the present paper we establish some negative criteria for UAP. In sections 1 

and 2 we derive a rather convenient criterion for a Banach space not to have 
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UAP.  This criterion is applied to the spaces cp for p > 80 (and their dual spaces). 

We obtain this criterion by an analysis of our  paper  [6] and in several places we 

borrow on its methods.  

1. Let  X be a Banach space; by F = F(X)  we denote  the space of all finite 

rank linear opera tors  f rom X into X. For  T E F we denote  by ][ T[[v its opera to r  

norm and we define 

tl r II,,A : inf(XH Zm IIv: T = XT,,, rk T,, <= n}. 

By X * @ X  we denote  the algebraic tensor  product  of X* and X ;  every  

~ E X * @ X  acts on F in the natural  way, i.e., for ~ = ' s  we define 

(~, T) = 2x *, rx, for T. E f .  

Given any norm tt 11 on F, by II ][* we denote  its dual norm on X*  @ X, i.e., 

I1~:11" = sup{(~:, T):II TII_- < 1}. 

In this way the norms el 11,̂  give rise to the norms II ]I,*,A on X * @  X. 

For  .~ = (Xl . . . . .  x k ) E  X k we deno te  

J ( Y ) = { T E F :  Tx, =x~ for i = 1 . . . . .  k} 

and, for n = 1,2 . . . .  and h => 1, we denote  

J ( s  ) = { T  EJ(~):I[TII<=A a n d r k T = < n } .  

The  following lemma is immediate .  

LEMMA 1. Let ~ = ( x ,  . . . . .  x k ) ~ X  k. If there exists ~ E X * @ X  such that 

II ~: II*~̂  < 1/h and 

(1) (~:, T ) =  1 

then J(~, n, h ) = Q. 

Let  us now define a norm [I 

(here II T t  = 11 Zll,^). 
It is clear that 

for every T E J(i) ,  

[[, on F by 

liTII. ~IITII.^ for every T E F  
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(because,  if T=XT~, ,  then ILTLLv=<~-ILTmlLv and, if rkT,,<_n, then lITmll^<= 

n II Tm t1,', thus I{ Wl]~ =< 211Z,. tl,.--< nVll Z,. ]Iv). 

Consequent ly ,  we have 

(2) II I1". --> II I1:~. 

The norm II I1" is easy to handle since, obviously, 

(3) II s ~ tl,* -<- inf{n II [3 IIv + II 4, lie- ~ --- [3 + 4,}. 

Let us finally observe that (1) is satisfied if 
k 

s~ = ~2~ x * @ x~ with tr ~: a~f E x  * ( x ~ ) =  1. 
i = l  

This, together with Lemma 1, (2) and (3) gives us the fol lowing useful criterion 
for proving that a given finite dimensional subspace is "badly complemented" 
and, more generally, that a Banach space does not have UAP.  

LEMMA 2. Let X be a Banach space. 

(i) If x~ . . . . .  x~ E X, x *~ . . . . .  x *k E X* and [3, 4, E X* @ X satisfy 

(4) E x * ( x , ) =  1, w * , .x ,@x,=[3+4, ,  l[[3H~<l/2nh, 1 l O l l ~ < l / 2 a ,  

then J(2,  n, h ) = Q. 

(ii) If for every r / >  (I there exists a number k = k (~)  such that for every e > 0 

there are ~, [3, 4, E X* @ X satisfying 

(5) rk,f<=k, t r s C = l ,  ~=[3+4,,  111311~-<~, 114,11~<,~, 

then X does not have UAP.  

(For s c C X* @ X we deno te  r k s  c = inf{k �9 s c = V)=. x* @x,}.)  

When estimating 1t Hv we shall use the following simple inequality: 

(6) i[ ~'~xi @ Y, I1~ <-- max II:~,x, ll m a x  Ily, II. ~1=• 

2. Now we shall apply the criterion of Section 1 to a class of Banach spaces. 

Let  M. deno te  the set of all 2" • 2" matrices,  whose entries are 0, 1, - 1 ; for 

v ~ M .  its entries will denoted  by v(e,  rl) where  e, r l E { - l , 1 }  ~, i.e., e =  

(e, . . . . .  e.) ,  r / =  (rl, . . . . .  rl.) with e~, rlj = -+ 1. For  v E M.,  w C M,. we define 

v . w ~ M . + , ,  by 

(v.w)(~, . . . .  ,~  . . . .  ; n ,  . . . . .  n~ 
= v ( e ,  . . . . .  e .  ; 7 ,  . . . . .  " O . ) w ( e . + ,  . . . . .  e ... . . .  ; 7 . + ,  . . . . .  ~ ~  
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W e  shal l  wr i t e  v ~ w if v can  be  o b t a i n e d  f r o m  w by p e r m u t a t i o n s  of rows  and  

c o l u m n s ,  by  m u l t i p l i c a t i o n  of r ows  and  c o l u m n s  by  -+ l and  by  d e l e t i n g  ( a d d i n g )  

rows  a n d  c o l u m n s ,  cons i s t i ng  e n t i r e l y  of ze ros .  

Le t  us o b s e r v e  tha t  

(7) i f v ~ v ' a n d w ~ w '  t h e n v . w ~ v ' . w ' .  

W e  de f ine  to C M,  by  

I] 
and  fo r  n = 1.2 . . . .  we de f ine  to. E M,, by  

to. = to . . . . .  to (n t imes) ,  

i.e. to,, (~, . . . . .  e .  ;~/, . . . . .  ,/.,) = to(e~. ~/,) . . . . .  o2(~'.,, r / .) .  

F o r  e. r7 = { - l .  1 }" de f ine  e~.,, E M,, by  e~.~ ( e ' .  ,7') = 1 if ~ '  = e, 71' = rt, 

ee,. ( e ' .  77') = 0 o t h e r w i s e .  

L e t  us d e n o t e  

r =  , O =  0 ' r , , = r  . . . . .  r, 0 , , = , 9  . . . . .  0 ( n t i m e s )  

and  let  Xk C Mk be  the  m a t r i x ,  all of w h o s e  e n t r i e s  a re  1 ( thus  Xk - rk �9 Ok). 

F o r  A C { - 1 , 1 } "  let  us de f ine  t o ~ , t o ~ E M ,  by  

f6o,, (e, 7/) if rt C A.  
to '~ (F~ rT) 

l 0 if 7 /~  A,  

(81 
f t o . ( e . , r / )  if e CA.  

to ~,x(,F, T] ) 

l 0 if e ~Z A.  

Le t  us d e n o t e  M ~ = U/ ,  t M,,, A f u n c t i o n  on  M ~ w h o s e  r e s t r i c t i on  to  each  M .  is 

a norm, wi l l  be called a norm on M s. Let II 1t be a norm on M ~. II II wil l  be 

ca l l ed  admissible if 

If ~ o ~ .  to,, II -- II o = .  to , .  ~ fl = II t o .  ~ ~  ,7,, II 

(9)  = II o= .  r ~ .  to. II = II ~ t o .  ,9= II = II to." o. , .  ~ II 

= Ilrll~ IIo11"11o,. II for  n,k,m = 0 , 1 , 2  . . . . .  

(10) v ~ w  i m p l i e s  l i v i i = i i w i [ ,  
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(I1) Hco; . l ldependson lAIon ly  and 1[ r 2 [[ depends on l A I only 

(by I A I  we denote the cardinality of A).  

Let X be a Banach space. Suppose that there is a mapping v ~ v '' from M ~ 

into X and another  mapping v ~ v* from M ~ into X*. We define the norms 

II II" and 1[ 1[* on  M ~ by 

IIv[l" = IIv"ll, Ilvll �9 = l l v* l t .  

With the above notation, suppose that I] PROPOSITION. 

admissible norms on M ~. Let, moreover, 

(12) e ~.,,(e';, ,,.) = 1 if E = e',  ~ /= 7/'; 

I1" and  II I1" are 

e* , 1, - r = 0 otherwise, 

II e~,,~ t1" = II e~,~ I1" = 1 for all e, rl ; 

(13) I1 r II ~' II ~ 11' = I[ 0 I[ '~ II 0 I1' = 2, [I oJn [[" I1 con [[* = 4", 

(14) sup ~ < min(][ r [1", II O It) ~''~'' 

Then X does not have UAP. 

APPLICATION. Let X be a space of compact operators on the Hilbert space 12. 

We can index the unit vector basis of le by the countable set [,..J~ .{ - 1, 1}" and 

embed M, into X by e'~., = the operator  which maps the e- th unit vector of l, 

into the r/-th unit vector and the others into 0. Also e ~.,~ is defined naturally by 

e *~.,( T) = ( Tr e,).  

Suppose that the norm of T ~ X depends only on the s-numbers  of T (the 

s-numbers of T are the eigenvalues of lTI = (T* T)"-', listed with their multip- 

licities, in decreasing order), denoted (s~)~ ~. In other words, 

tlrll  = IIt(s ) ,HJ 

where Ill Itl is a symmetric  norm, defined on c, (111 [01 is allowed to take the 

value m). 

In this case X is called the symmetrically normed ideal (of operators) 

associated to the symmetric norm III Ill. 

We see that (12) is equivalent to 

Itl(1,0, 0 . . . .  )1tt = 1 

and that, if this is satisfied, then the conditions (9)-(13) hold. Let us check, for 
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example, the condition (9). The s-numbers  of each of the six operators  which 

appear in (9) are 

(ff~ . . . .  ~ . . . . .  2�89 . . . .  7, 0 , . . . ) ,  

2" times 

the s-numbers  of z, v, ~o, are (2'/2,0,0 . . . .  ); (2~z,O,O . . . .  ); (2"/2,. . . ,2"/2,0 . . . .  ), 

respectively; thus 

t } r i l= l lv l l=2  '/2, ]!w.]]=2"/2[](1,1 . . . .  ,1 ,0  . . . .  )1[ 

and so all the entities that appear in (9) are equal to 2 Ck . . . .  v2][(1,..., 1,0 . . . .  )]] 

where ]] ]] stands either for ]11 ]11 or for ]][ ][]*. 

The condition (10) is obviously satisfied, because v -  w implies the same 

s-numbers  for v and w. The s-numbers  of o ~  and of ~o~ a are (2 "/2 . . . .  ,9 "/2_ , ~,(~...), 

IAI  times, so (11) is also evident.  (13) follows from the above computat ions.  

The condition (14) does depend on the norm [[] [[[ and is not always satisfied. 

For example,  if ]]] HI is the 12 norm, then the resulting X is the space of 

Hilber t -Schmidt  operators,  which is itself a Hilbert  space and thus has the UAP.  

Let  us denote z(k)=tH(1  . . . .  ,1,0 . . . .  )ill, k times. We see easily that (14)is  

equivalent to 

j+l 
~ (2J+~) <.- ,)l/so 

(*) supj A(2j ) - _  . 

We have thus obtained as a corollary from our Proposit ion the following 

THEOREM. Let X be the symmetrically normed ideal, associated to a symmetric 

 orm Ifl liP. If 
/+l 

A ( 1 ) = I  and s u p S < 2  ~/s~ 
j A(2) 

then X does not have UAP. 

In particular, if X is a cp-space, i.e. if []l(Xl,X2 . . . .  )[[[ = (2~lx~]P) l/p, then (*)is  

equivalent to p > 80. Thus 

COROLLARY. The spaces cp for p > 80 (and, dually, for 1 _-< p < 80/79) do not 

have UAP. 

The remainder  of the paper  is devoted to the proof of the Proposition. 

3. Let  natural numbers m < N be fixed. Let  us define sets S~ C { -  1, 1} .u for 
a E { - 1 , 1 }  ~' by 

Sa = { ( e l  . . . .  , ~ N )  ~ { - -  1,  1} N : E71 ~ a b . . .  , em = am} .  
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Given v ~ MN we define v.,b E MN by 

(15) v.,b(e,~)={~ (e'~) 

and we define ~: E X* @ X by 

~ = 2  -~" 
a,bE{-l,1} m 

Evidently 

(16) 

By (12), we have 

(17) 

UNIFORM APPROXIMATION 

if eES., 

otherwise 

~ ,  0 
a,b @ D a,b. 

rk ~ =< 22". 

if v is unimodular (i.e., all its entries are + 1), then tr ~: = 1. 

349 

Let us define /3 E X * @  X by 

/3 = 2 -2N 

L e t  us  o b s e r v e  t h a t  

(18) 

Indeed, by (6) we have 

, 0 

e , r /E{-I , I}  N 

I1/3 LIv ~ 2-N/2. 

, 0 
1[/3 [Iv _<-2 2N max [le~,.U �9 max IlEaE,.e...ll. 

co7 ~e,~ =• 

The first term equals 1, by (12). The second term is, by the triangle inequality, 

smaller than 

2 N max max c~ee,~ . 
a~ =• 

The norm above is the norm of a matrix which has zeros except for one column, 

consisting of -+ 1. Such a matrix is evidently - to ON and thus 

IIt~ IIv =< 2-N I[ o%11. 

Similarly we get 11/3 IIv--<2-NIIo~,ll. Hence, by (9) and (13), 

I1~ I1~ =< ( 2-N 11o%11.2-N II o~,ll) ''= = 2-N/2. 
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~ 

(19) 

(20) 

For  economy of space let us deno te  

w j = to .,/,, Di = { - 1, 1}% 

For  a E { - 1 , 1 }  "/4 we define a set $7C  E~ by 

Let  n~, n2 . . . .  be natural numbers  such that 

nl  = m ,  321nj for every/ ' ,  

nj~, -<_ 2nj for every j. 

Ej = { -  1, 1} ~,/-'. 

(21) S] = {(e, . . . . .  e,,/2) E Ej : e,,/4+, = a,,  e./4+_. = a2 . . . . .  e,,/2 = a,,/4}. 

We shall construct  a unimodular  matrix v so that ]] ~: - / 3  I1^, where  ~: and /3  are 

defined as above,  is small. 

Let  k be a natural  number .  A part i t ion A of { - 1, l} 2k will  be called regular if 

every  mem ber  of A has 2 k elements.  

We shall use the following combinator ia l  fact from [6] (cf. Sublemma 4 there).  

LEMMA 3. Let n be a natural number such that 16In. There exist regular 

partitions V~ for e = 1,2,3 . . . .  ,24" of the set { - 1 , 1 } "  such that 

t A f-/B I =< 27n/'6 for every A ~ V~., B C V,  with e ~ ~q. 

We shall also use the following obvious observat ion:  

if d and 3f are arbi t rary regular  parti t ions of { - 1, 1}", 

(22) then there  exists a permuta t ion  p of { - 1, 1}" 

such that p ( A )  ~ ~ for  every  A E sO. 

By (20), Lem ma  3 and (22), there  exist regular parti t ions V~ and permuta t ions  p{ 

for e E Dj+~ of the set Ej such that 

(23) t A f'l B ] <= 2W3-' for every  A E V~, B E V~ with e ~ r/, 

(24) for every  A E V~, the set O~(A) equals one of the sets S] ,  defined in (21). 

For  e = ( e l , . . . ,  e,,) E Dj we define g, ~ ~ Ej by 

= (e ,  . . . .  , eo/.~), ~ = ( e . , ~ . , , . . . ,  e . , ) .  

Define now a function Cj : Ej x Ej x Dj+~ ~ { - 1, 1} by 

q~j(e,,e,,,h)=o2J(e, i ,,)) ' e" , p , ( e  for e ,  E E j ,  h@Dj+~, 

Without  loss of generali ty we can assume that N = n~ + n2 +" �9 �9 + no for some q. 
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For  s = (s, . . . . .  s N ) E { - -  1,1} N we denote  

s j = ( s . , +  ...... , , + " s ~  ..... ;,+2 . . . . .  e~ ..... ) ~ D ,  

and finally we define 

q -I 

(25) v(~.n) 1-I 'pi(~J, ~, j+' ~ ~', ~). 
i=:t 

5. In order  to es t imate  the norm [Is c - / 3  [[̂  we shall need a few technical 

lemmas .  

We shall write v ~ w if v can be ob ta ined  f rom w by p e r m u t a t i o n  of columns 

and mult ipl icat ion of co lumns  by _+ 1. 

We  shall write u < w if u ~ u '  where  u '  can be ob ta ined  f rom w by delet ing 

some  columns (i.e., replacing them by zeros). 

Let  us observe  that,  by (10) and by the tr iangle inequali ty,  

(26) u < w  implies Ilu"ll<=[Lw"ll and [[u*ll_-<llw*ll. 

LEMMA 4. Let u E M , ,  let z ~ M,, and let z ,  E Mm for ~ E { - 1, 1}" be such 

that z7 < z. Define y C M,§ by 

(27) y (e , e ' , n , n ' )=u(e ,n ) ' z , (~ ' , n ' )  fore, n ~ { - 1 , 1 }  ~ ~ ' , n ' ~ { - 1 , 1 }  m. 

Then y < u . z. 

PROOF. We  just use the definitions: z7 < z means  that  there  exist a funct ion 

67 :{ - 1, 1}" ---~{ - 1,0, 1} and a pe rmuta t ion  P, of the set { - 1, 1}" so that  

z,(~', 7')= ~,(7')" z(~',p,(n')). 

Consequent ly ,  if we deno te  

a (n ,  n 3  = a,, (n3 ,  0(7 ,  7 3  = (n, 07 ( 7 %  

we obta in  

y(~, ~' ;  7, 7 3  = a (n ,  7 ' )  ( u .  z)(~,  ~' ;  p (n ,  n ' ) ) ,  

i.e., y < u . z .  

Let  k be a natural  number .  We  define subsets  Sa, S a of { - 1 , 1 }  -'k for 

a E { - 1 , 1 }  k by 

So = {(e, . . . . .  F2k )~{ - -  1, 1} 2k : e ,  = a~ . . . . .  e~ = ak}, 

S a ={(~,  . . . . .  ~_.~) ~ { -  I, I} ~'~ :s~+, = a, . . . . .  a:~ = a~}. 
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Let S, B C { - 1,1} -~k. We define a matr ix  Ws.B ~ M2k by 

[o) ,k(e , , '0)  if e E S ,  "0 ~ B ,  

O),,;.B ( ~, '0 ) 1 
t 0  otherwise.  

LEMMA 5. Let  a ~ { -  l, 1} k. 

(i) For every b E { -  l, 1} k we have  O~So,S,. ~ X k .  

(ii) I f  B C { - 1, 1 }2k then ~Os... < 6ok �9 -c~, 

where a is a natural  number  such that 

[ B A S s i < = 2  '' f o r e v e r y b ~ { - 1 , 1 }  ~. 

PROOF. (i) We have for e , ~ E { - l , 1 }  2~ 

Wso.s~ (e, n )  = w ( a , ,  "0,)w(a~_, "02) . . . . .  w(ak.  Ok )w(ek+ ~. b,) . . . . .  w(e~_k, bk ) 

if e~ = a~ . . . . .  ek = ak, '0k+~ = b~ . . . . .  '02~ = b~ and COs,,,s~ (e, '0) = 0 otherwise.  This 

means  that  ws,,,s~ is ob ta ined  f rom X~ by mult iplying its co lumns  by the number s  

w(a~,rl~ ) . . . . .  w(a~, '0~)  and by mult iplying its rows by the number s  

r . . . . .  w(e._k,b~), respect ively,  by adding to it 2 -~" - 2  ~ co lumns  and 

rows, consisting entirely of zeros and by appropr ia te ly  pe rmut ing  (shifting) its 

co lumns  and rows. 

(ii) We have  

O ) S a . B  = z.) O ) N , , . I ~ N S  h . 

b~l I.U k 

For  b E { -  1, lff let xb deno te  the b- th  column of ~ok, i.e. 

x~ (~ ,  . . . . .  ~k) = o~(~,,  b , )  . . . . .  o~ ( ~ , / ~ ) ,  

and let the vector  y~ be defined for e =(e~ . . . . .  e_ ,k)E{--1 ,  1} :k by 

lXb(ek+~ . . . . .  e2k) if e ~ = a ~  . . . . .  ek = a k ,  
y~(e, EZk) 1 

(0  otherwise.  

It is easy to see that  ~os,.,~ ~ u where  u E M~,k is a matr ix  each of whose co lumns  

is equal  to one of the yb's, b ~ { -  l, 1} ~ and such that  the n u m b e r  of co lumns  

equal  to yb is I B A S~'I. Consequent ly ,  ~os,,.B < u '  where  u '  is a matr ix  each of 

whose co lumns  is equal  to one of yb and the n u m b e r  of co lumns  equal  to a 

par t icular  yb is T ~. But, clearly, u '  ~ ~ok �9 r , .  

Let  l =< q. For e~,'0J C Dj, j = 1 . . . . .  q we set 
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q I 
O1(~-'1 . . . . .  /_.q. T I . . . . .  .y/q) = 1~  I~D/(T)J { i  tcJ ~ I ) @ j ( { j  ]~j  .i./j~l). O)nq (Eq, T~q) 

( thus v = O ' .  c f .  ( 2 5 ) ) .  

LEMMA 6. O:- -~o, , , .  ........ ]'or 1 = 1 . . . . .  q. 

PROOF. W e  use d o w n w a r d  i n d u c t i o n  on 1. F o r  l = q  the  c l a im is e v i d e n t .  

S u p p o s e  it is t rue  for  s o m e  l=<q.  Let  O E M  .... /,,,,,~ ........ be d e f i n e d  by  

O ( r ' ,  r '  . . . .  , r "  - ,~', , 7 ' , . . . ,  ~ " )  = ,p, , ( r ' ,  ~ ' ,  ~ ' ) .  O ' ( r ' , .  . . ,  r ~ ~  ' ,  , . . . ,  r t")  

for  e ', r t '  ~ Er ~, e i, rt j ~ Di, j = l, . . . ,  q. By. L e m m a  4, O ~ co,,,, ........ �9 w ~ ~, which  

is  ~ tO o),,~ ~/,+,,t4 .... ,, . 

Since  we have  

O '  ' ( r  1 '  . . . . .  e " ;  rt ' ~  . . . . .  rl q) 

= r  , (~ '  ' . i '  ' , r ' ) .  O ( ~ '  ' . . . . .  r " ;  ~ '  ' . . . . .  ~ , , ) .  

the  s a m e  a r g u m e n t  as a b o v e  shows  tha t  O '  ~ { o  .... +,,,+ ...... . 

LEMMA 7. Let  A C { - 1, 1 }", I A I = 2". Let the matrices ~o','~, ~o;~ be defined by 

(8). We have 

I1 = II o,,, y .  11 on ,, II*, 

11 o;211" =ll   ll*.llr .. . .  I1". 

PROOF. By (11), IIo)::,11' = tlo)~',1f* w h e r e  

B = { ( r ,  . . . . .  e , , )  ~ { -  1 .1 }"  : r , , , ,  = e,, +_. . . . . .  r,, = 1}. 

It is e a sy  to see  tha t  ~o'/, - ~o,, �9 0 . . . .  and  this ,  by  (9), imp l i e s  the  first equa l i t y .  T h e  

p r o o f  of the  s e c o n d  o n e  is a n a l o g o u s .  

6. O u r  ma in  t ask  is to p r o v e  tha t  ]Is c - / 3  tf  ̂ is smal l .  W i t h  this  a im we def ine  

/3i E X*  @ X by 

/ 3 , = 2 : N  
a.bG{ I.I}N/ 

w h e r e  we d e n o t e  

X j  = n l +  n _ , + " ' +  n ) ,  

( let  us reca l l  tha t  N = Nq) and  v,,,b E M ,  for  a, b E { - 1, 1}'" 

j = l  . . . . .  q 

a re  d e f i n e d  by  (15). 
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We have  thus 13, = ~, /_4q = / 3 .  

Let us d e n o t e  ~ = min([Ir"J[,N,')"]] ) and let a be such thai 

We shall p rove  that  

(2S) 

sup,, I1 o,, lJ = 

The proof of (2g) will take most of the remainder of the paper. 

First wc shall define a conven i en t  r ep re sen t a t i on  of / 3 j - / 3 ~ j .  Here  the 

a r g u m e n t  is very  similar to the c o r r e s p o n d i n g  a r g u m e n t  in [6]. 

Let  us d e n o t e  

D = { ( a , c ) :  a E { -  1, 1}~';, c E { -  1, 1}",,,}, 

D '  = {(a, c ) :  a i f { - 1 ,  1}~';". c e { - 1 , 1 } % " } .  

Let  y=22"4s  Let  us d e n o t e  for a, b E { - 1 , 1 } " ~ , ,  c E  

{-1,1}"~, ',, g ~ D , , , :  

We have  

- = -  v . : , .@y, , ; , , .  ~ - / 3 j  , "~ -'~ * = - v, ,: ,  @ y  ..... 
(a. I )  (u.c I )  I 

Next  we define for  o ~ . / 3 E { - 1 , 1 } ' %  ' and  e . f E E , ;  A, S C E ; ;  g E D , , , :  

H = H g . d . A . s , , . ~ = { ( a , c ) E D  : ( a '  . . . . .  a i ' ) = a ,  (c '  . . . . .  c i ~)= 13, d* = e ,  ~J = / ,  

d j ~ S , d  j E A ,  c j§ = g } .  

H* = H~,.,,,,.,,..~.,., = {(a. c )  C D '  : (c '  . . . . .  c j ') = ~. (a '  . . . . .  a ~ ') =/3,  Ei = e. d J = 

f, U ~ & d i ~ A ,  a i~l = g } ;  

we recall  that ,  for  a E { - I , 1 }  N,, i = 1,2 . . . . .  q, we d e n o t e  for  j = 1,2 . . . . .  i, 

a i = (&, ;  ,~,ar,., ,+2 . . . . .  at,., ~,a~,.) 

and  

fi = 5 ~,e.1.,v.*,,,,~ = .~, * G Y,, ~a ;t 
(a ,  C-'Y-~ t t  

5 ~ 5' 
( a , c ) ~ l t  1 
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LEMMA 8. We have 

II, _< 

PROOf. Let E denote the set of all functions from { - l, I} ~, into { - 1, 1} and 

let F denote the set of all functions from { -  1, I}%" into { -  1, 1}. 

We have the following identities: 

~]EF H I ] / I  

(these formulas are simple applications of the invariance of trace, cf. the proof of 
Lemma 2 in [6]). 

Now let us observe that the matrix E.e(a)'q(b)v.:~,~ is obtained from the 

matrix E.v.:~,~ by multiplication of rows and columns by _+ 1. By (10), this 
implies 

~ e(a)rl(b)9~o:~,.~ = ~ ~b.~ . 

Similar considerations yield the equalities 

etc. This proves Lemma 8. 

7. Let A, S C D i  be fixed. Let us define E, F C { - 1 , 1 }  N and F~,FgC 

{ -  1, 1} r" for g E D~+~ by 

E ={a  C { - 1 , 1 }  ~' : (a '  . . . . .  aJ-~)=a, dj = e, fij ~S} ,  

F={b E { - 1 , 1 }  ~r : (b '  . . . . .  b j ') =/3,/~j =f , / ; j  EA}, 

G ={b E { - 1 ,  i} N : (b '  . . . . .  b ~ ')=/3,/ ; j  =f , /~  ~ A ,  b '+' =g} ,  

Fg=F-Fg.  
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For  a matrix u ~ M, and for B, C C { -  1, 1} N we define UB.c E MN by 

u"'~(e' ~)  = { u(e' otherwise.ifeEB' r/ E C, 

Let us notice that 

Y~ v,:~c = (vE. . )* ,  Y.  v:~c = (~F.E)*, 
(a,~ ) ~ H  ( a , c ) ~ H  I 

(29) 

~, y~;c = (rE.G)", ~', y~.~ = (VG.E)". 
(a,c)EH (a.c ) ~ H  I 

Observe that we have 

v~.  (~. r/) : -+ ~,- ,( /~ '- ' ,  ,~  ', ~ ' ) .  ,pj-,(a~ ~-', f i ' - ' ,  n~) �9 ,pj (f, e, ~+ ' )  

�9 ~ ( F ,  ",y, rt '+') �9 O*+*(e ~+' . . . . .  e " ;  r/j+' . . . . .  rtq), 

if U ~ S and ~J ~ A and vE, e(e, r/) = 0 otherwise.  Hence ,  

VE.F, ~ Ur.a~ and V~.F, ~ tlT, Ag, 

where  U E M,,,/2+o,+,+ ...... , and A~, A ~, T C { -  1,1}"/>~ +,+ ..... , 'are defined by 

u(e ' , e  j< . . . . .  eq; r/', rt j+l . . . . .  r/q ) 

= q~ (e ' ,  r/', r/J+~)OJ+'(e j+' . . . . .  e ~ ; r/'+' . . . . .  r/"), 

A~ = {(e', e j+' . . . . .  eq): e ' E  A,  e i+' = g}, 

A ~ =  {(e' ,e j+~ . . . . .  eq): e' E A, ei< / g}, 

T = { ( e ' , e  j+' . . . . .  e q ) : e ' E S } .  

(Here,  as usual, e ' ,  r~' denote  e lements  of E,, and e ~, r/~ denote  e lements  of D~.) 

LEMMA 9. Let S = & for some a E { -  1, 1}"/~ and let A E V~. Then 

II ~-,~. I1" = llo...,+ ..... .ll*Ho,,.,ll*llxv~ll*. 
0) 

11 ~F.~ I1' = II o, ~, . . . . . . . .  ~11" I[ ~.,., I1'11 x.,,411*; 

tl v~.ll"-<- II o.o, . . . . . . . .  .11"11,.,~ ~ ~.,,~-.11", 

(ii) II ~ . ~  I[" <=ll ,,, o, . . . . . . . .  ,l[ "II~v,  II ~ II o w3=l[ ." 

PROOF. (i) By the preceding remarks,  we have 
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For h E Dj+~ define Uh E M.:. by 

u~(~, n )  = E ( ~ ,  o~(n) )  

Evidently, 

where O'  is defined for e 

UNIFORM APPROXIMATION 

(= q~j(e, rt, h )). 

U~ a, ~ ( U~ )~,A " 0 ' ,  

i ~ Di  by  
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l Oj+~(e~+~ . . . .  eq. j+l �9 ,~/  . . . . .  r/q) if e ~+~--g, 

O'(eP~ . . . .  ' e~;r//+~ . . . . .  ~") = l 0  otherwise�9 

By Lemma 50) and by the fact that A EV~ and thus p~(A)E S] for some 
a E { -  1, 1} ~ we get 

II(,~)SA II* = IIx,,:ll*. 

By Lemmas 6 and 7 we obtain the first equality in (i). The second one is 
completely analogous. 

(ii) Like before, we have 

II v ~ l l "  = II"T,A~11". 
]+1 Let us apply Lemma 4 to u = O  , z = t % / 4 . 7 7 ~ p 2 a n d z ~ M ~ / : d e f i n e d  for 

r / =  ( r f  +~ . . . . .  r / q )c  Dp~ x" �9 �9 xDq by 

Z*  I = ( U ' Q J + I ) s , A  if ~?J+~ / g, 

zn = 0 if T//+~ -- g. 

(Here u,- ,  is defined by (29).) 

By Lemma 5(ii) and, by the fact that A E V~, we indeed have z, < z if -q/~l / g 

(cf. (23) and (24)) and, if "q/+~ = g, z, < z obviously. We see easily that the matrix 

y, obtained by (27) from the above u and z,,  is ~ to uT:n~. Consequently, by 
Lemma 4, 

UT,Ae, ~ 0 ]+1r  ,,j/4 " T7,,/132. 

By (7) and by Lemma 6, 

0 j + l  " (.0 nil4 " T 7 n j / 3 2  ~ O J n j , l + . . - + n  q " (.0 tlj[4 " T7n//32 

and this yields the first equality of (ii). The second one is completely analogous. 

8. Finally we can conclude the proof of (28) and of the Proposition. We see 

that, by Lemma 8, (29) and by Lemma 9, if 
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(30) 

then 

g ~ D j + , ,  o~,/3e{-1,1}"~, ', e , ] : ~ E j ,  A C V ' j ,  

S=S , ,  for s o m e a E { - l , l } " , ~ .  

(31 ) -II <, , ,  I1" If oo ,,,. II" II :~ ,,, ~ II" 1I T ,,v,'-I1" 

(we used the inequal i ty  I1~'., ..... ,,,* ........ II "<-c ' ' '~ ' '* ' l lo ' , , , ,=,  ........ I1". which  foUows 
from (14)). 

Clearly,/3j - 3' = 2 -~'E~3,..,.r,A,s.,,.l~, where the summation ranges ovcr all tuplcs, 

satisfying (30). The number of such tuples is evidcntly equal to 

O = I D,~ . 2 ~-~', ,.[E,[e.2,,/~.2,,,/~, 
We obtain thus 

Clear ly ,  

O ' the right-hand sidc of (31 ). 

2 ~' -- 2-'", ,. (2",) -~. (2",.,): (2",.:' ...... ,,)L 

IE, I -~ 2", and [D,+ l =  "~'' 
and, by (9) and (13), 

([ o,,,,, (("ll ,~,,,,, II* = 2",.,. 

(I * = 2 , ~ J 2  IIx,,,,~ll PIx.,,~ll 
Making appropriate cancellations we arrive at 

Since IIx II ' ' =  II ~"11 II ,o"H. and by (14), II ~o,, II ''-< c" '* ' "  for every  ,,. ( 3=)and  ('))yield 

By a completely analogous argument we get also 

and, from these two inequalities, (28) follows. 

We shall now define the seqnence {hi}. Let /, be such that 

(33) 1 < > < 7 1 / 3 2 A - 1 / 4  and tt < 2  

(notice that, by ( I4) ,  X < I140, thus t/32A - t t4  > I). Finally, Iet T = ~ "  , ,m ,J.,~ 
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By (33) we have 7 < 1 .  Let l = p i , p 2  . . . .  be a fixed (i.e,, independent of m)  

sequence of natural numbers such that 

i,~ ~ </,tp~ for every i, 

X' ~,", < ~. 

Let us define n~ = m �9 p,,  Evidently (19)and (2{1) are satisfied. Moreover,  by (28), 

II/s, - / 4 ,  ,1{ ~ 2(11,o II"/K)'" '"~'"" K '"': -- 2r", = (2y',)'". 

Wc see now that the assumplions of Lemma 2(ii) arc satisfied: given r / >  0 we 

c h o o s e  tt1 = r e ( r } )  so  l h a l  

(34) 2 ,~ (7'")'" ~ '~ 

a ,d  take k = 22'''. Next wc ch~ose q so that 2 ".,'" _-<= ,', where Nq is defined by 

(27). Fly (16), (17), (2,";) and (34), (5) is satisfied. 

REMARK. A more careful computation yields that c,, for p > 32 (and, dually, 

for p < I + 1/31) do not have UAP. We would of course like to know whether 

the spaces c, for all pz 4 2 do not have UAP.  

It seems that Io prove so, il would require a quite substantial change in our 

proof. For, looking a! the inequality (32), we see that the only term which might 

disappear in an "'ideal" situation (i.e.. given the strongest possible lemma in line 

with Lemma 3) is fl~e term !lr,,,,,,-W', which comes from ~he incquality (23). 
i l)ropt)ing Ibis lerm in (32), we still get that a shot, ld bc <~.  This, perhaps, 

indicalcs that for small p like p =4 ,  Q, might have UAP. 
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