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ON THE UNIFORM APPROXIMATION
PROPERTY IN BANACH SPACES

BY
A. SZANKOWSKI

ABSTRACT
We derive a criterion for a Banach space to fail the uniform approximation
property (UAP). This criterion is applied to prove that ¢, spaces of matrices fail
UAP if p >80.

0. A Banach space X has the uniform approximation property (abbreviated
UAP) if for every integer k there exists an integer m(k) such that for every
k-dimensional subspace E of X there exists an operator T : X — X such that

[TI=A kT=m(k) and T =1Ide

for some A < o which is independent of k. (T\z denotes the restriction of T to E
and Ide denotes the identity on E.)

This notion was introduced in [4] and has been discussed in some detail in [1],
[3], [5]- In [4] it was proved that the spaces L, have UAP. This result was
extended in [3], where it was proved that the reflexive Orlicz spaces have UAP.
In [5] it was shown that the spaces of type (L, @ L, P ---), have UAP. In [1]
several abstract results were obtained (e.g., that the dual of a space with UAP
also has UAP). [1] also generalized the results of [5]. Probably the deepest result
concerning UAP is that of P. Jones [2], who proved recently that the space H,
does have UAP.

Obviously, UAP is a stronger property than the approximation property.
Unlike the approximation property, it is usually quite difficult to verify that a
given Banach space has UAP (as the results quoted above indicate).

In the present paper we establish some negative criteria for UAP. In sections 1
and 2 we derive a rather convenient criterion for a Banach space not to have
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UAP. This criterion is applied to the spaces ¢, for p > 80 (and their dual spaces).
We obtain this criterion by an analysis of our paper [6] and in several places we
borrow on its methods.

1. Let X be a Banach space; by F = F(X) we denote the space of all finite
rank linear operators from X into X. For T € F we denote by | T'||, its operator
norm and we define

T

nn = inf{2] T

T=3T,, 1k T, =n}.

By X*&@ X we denote the algebraic tensor product of X* and X; every
£E€ X*® X acts on F in the natural way, i.e., for £ =%x% ® x, we define

(£, TY=3x%Tx, for TEF.

Givenanynorm| lon F,by]l |* we denote its dual norm on X*® X, i.e.,

Il =sup{(e. T): (| T| = 1}.

In this way the norms | |, give rise to the norms |
For x = (x,...,x )€ X* we denote

oon X*Q X

JEX)={TEF :Tx,=x.fori=1,...,k}
and, for n =1,2,... and A =1, we denote
J(xnA)={TEJ(X):|T|=A and 1k T = n}.
The following lemma is immediate.

Lemma 1. Let X =(xi,...,x)€E X" If there exists ¢ € X*Q X such that
*.<1/A and

(3
(1) (&T)=1 for every T € J(%),
then J(X,n,A)=(.

Let us now define a norm || ||, on F by

T

Ao

IThh = max {47
n

]

(here || T ={ T]};.).

It is clear that

[Tl =) T |lan for every TEF
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=
A=

(because, if T=3T,, then ||T

L=S||T

. and, if tk T, = n, then ||T,

n| Tl . thus | T|. =3 Tl = nX| T ).
Consequently, we have

@) (I =t

The norm | ||* is easy to handle since, obviously,

3) lelfs = inf{n | B +ll¢].: & =p+y}

Let us finally observe that (1) is satisfied if

k
£=YxT®@xn  with g2 Txi(x) =1,
i=1

This, together with Lemma 1, (2) and (3) gives us the following useful criterion
for proving that a given finite dimensional subspace is “badly complemented”
and, more generally, that a Banach space does not have UAP.

LEMMA 2. Let X be a Banach space.
W Ifx...., wE€X, x1...., x¥E X" and B, ¢ € X* R X satisfy

@ Ixix)=1 IxiTQux=B+4 |

then J(X,n,A)=.
(it) If for every m > () there exists a number k = k(m) such that for every ¢ >0
there are £ B, ¢ € X*(Q X satisfying

(5) tkésk tré=1, E=B+¢. [Bl.== fyl.<nm
then X does not have UAP.

< A2nA, ). <1724,

(For ¢ € X*® X we denote rk & =inf{k : ¢ =35, x* R x:}.)
When estimating ||

, we shall use the following simple inequality:

(6) HEX,- &Ky

,=max || Zeux || max Iy |-

2. Now we shall apply the criterion of Section 1 to a class of Banach spaces.

Let M, denote the set of all 2" X 2" matrices, whose entries are 0, 1, — 1; for
v €M, its entries will denoted by v(e,n) where e,n€{—1,1}", ie., e =
(e1,... &), n=(M,...,m.) with &, m; = = 1. For v € M,, w € M,, we define
v-wEM,. by

(- WIEL .y Entm s Misenes Tarm)

= 0(81’“-35"; nh---’nn)w(snﬂq”-vsnhn 5 nn+|7----nn+m)-
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We shall write v ~ w if v can be obtained from w by permutations of rows and
columns, by multiplication of rows and columns by + | and by deleting (adding)
rows and columns, consisting entirely of zeros.

Let us observe that

(7) ifo~vandw~w' thenv-w~0v'-w'

o=i -l

and for n =1,2.... we define w, EM, by

We define w € M, by

W, =W w (n times),

6. W1y a3 My M) =w(Em)e ot @ (€, M)

For e,y ={-1.1}" define e, EM, by e.(c.n)=11if ¢'=¢ n'=n,
2. (£'.m')=0 otherwise.

Let us denote

= 1 1 = 1 () = A e s e = 3} et 3 ~
T (() ()) . 9= (1 ()) v T ST 7, 9, =1 9 (n times)

and let y, € M, be the matrix, all of whose entries are | (thus y. ~ 7 - th).
For A C{—1,1}" let us define w;,whi EM, by

w,(e,m) if n €A,
wale,m) =

0 if n& A,
®) w,(e,m) if e €A,
wa(em) =

0 if e A.

Let us denote M” = U._, M,. A function on M~ whose restriction to each M, is
a norm, will be called a norm on M*. Let | | be a norm on M". | | will be
called admissible if

17 - O a ]| = 9 0n - 7l = 0n = 72+ O]
(9) :||19m * Tk 'wn”:”Tk t W, '19mH=Hw'l ‘19"1 .T"”
~Del ol for mkom=0.1.2....,

£}

(10) v~w implies |lo|=|w]|
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an |w4] dependson|A |only and |w;|dependson|A |only

(by |A | we denote the cardinality of A).
~ Let X be a Banach space. Suppose that there is a mapping v ~ v" from M~

into X and another mapping v »v* from M~ into X*. We define the norms
I " and | [[* on M" by

Lol =lv"l. Mol =]

PROPOSITION.  With the above notation, suppose that | | and || ||* are
admissible norms on M~. Let, moreover,

(12) et"’(eg‘/"" =1 lf e =¢, n= T’,; e?n(e(_él"‘n') =0 otherwise,
lecol'=llecaI* =1 forall e, n;
(13) il =l Plel =2, Jodl o] =47,
0
(14) sup “!“)T*i’.ﬂ_ < mm(” T ”U, S ”())41/4[1.

Then X does not have UAP.

APPLICATION. Let X be a space of compact operators on the Hilbert space /..
We can index the unit vector basis of [, by the countable set U, _,{—1,1}" and
embed M, into X by e, = the operator which maps the ¢-th unit vector of .
into the n-th unit vector and the others into 0. Also e % , is defined naturally by

etn(T)=(Te. e,).

Suppose that the norm of T € X depends only on the s-numbers of T (the
s-numbers of T are the eigenvalues of | T|=(T*T)"", listed with their multip-
licities, in decreasing order), denoted (s;);-:. In other words,

0= 1l Cs)i-ill

where ||| [l] is a symmetric norm, defined on ¢, (||| ||| is allowed to take the
value x),

In this case X is called the symmetrically normed ideal (of operators)
associated to the symmetric norm ||| ]|

We see that (12) is equivalent to

I1(1.0,0,.. )t =1

and that, if this is satisfied, then the conditions (9)}-(13) hold. Let us check, for
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example, the condition (9). The s-numbers of each of the six operators which
appear in (9) are
(2%(k+m+n) . 2%(k+m+n) 0 N .)

2" times

the s-numbers of 7, v, w. are (2'%,0,0,...); (2'%,0,0,..); 27,...,2"%,0,...),
respectively; thus

Izl =lv=2" Jw.ll=2"2)(1,1,...,1,0,..))

and so all the entities that appear in (9) are equal to 2**™*"?||(1,...,1,0,...)]
where | | stands either for || ||| or for ||| |[}*.

The condition (10) is obviously satisfied, because v ~ w implies the same
s-numbers for v and w. The s-numbers of &% and of w/ are (2"7,...,2"7,0,...),
[|A | times, so (11) is also evident. (13) follows from the above computations.

The condition (14) does depend on the norm ||| ||| and is not always satisfied.
For example, if ||| ||| is the I, norm, then the resulting X is the space of
Hilbert-Schmidt operators, which is itself a Hilbert space and thus has the UAP.
Let us denote A(k)=1|(1,...,1,0,...)|||, k times. We see easily that (14) is
equivalent to

j+1
(*) Sup %(22_]))< 21/80.
i

We have thus obtained as a corollary from our Proposition the following

THEOREM.  Let X be the symmetrically normed ideal, associated to a symmetric

norm || [l If |
B AQ™Y)  uso
A(1)=1 and Sl]llp AD) <2

then X does not have UAP.

In particular, if X is a ¢,-space, i.e. if [||(x1, X2,...)|[| = (2 |x;[?)"?, then (*) is
equivalent to p > 80. Thus

CoROLLARY.  The spaces ¢, for p > 80 (and, dually, for 1= p <80/79) do not
have UAP.

The remainder of the paper is devoted to the proof of the Proposition.

3. Let natural numbers m < N be fixed. Let us define sets S, C{—1,1}" for
a€{-1,1}" by

Sa ={(81,...,€N)€{_‘1,1}N:81:a1,...,8m=am}.
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Given v € My we define v,, € My by

vie,n) fe€S,, nES
(15) Vo (£,M) =
0 otherwise

and we define £ € X*@ X by

&= 27 Z vas ® Ug,b-

abe(-11"
Evidently
(16) rk £ =2°",
By (12), we have
an if v is unimodular (i.e., all its entries are = 1), thentr & =1.

Let us define B € X* @ X by

g=27" 2 e, Qel.,.

ene{-1,1}1Y

Let us observe that
(18) I8l =27
Indeed, by (6) we have

I8l =27" max [lef,] - max |Sacqeal.

349

The first term equals 1, by (12). The second term is, by the triangle inequality,

smaller than

2" max max
n a, =*1

V]
> acel,
E

The norm above is the norm of a matrix which has zeros except for one column,

consisting of *1. Such a matrix is evidently ~ to ¥y and thus

1B
Similarly we get |||, =27V | 3%|. Hence, by (9) and (13),

I8

-N 0
E2TO

SO 2B R =27
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4. Let ny, 1, ... be natural numbers such that
(19) n, =m, 32| n; for every j,
(20) o =2n for every J.
For economy of space let us denote

o =w.n Di={-11  E={-11""

For a €{—1,1}"" we define a set S{ C E; by
2D Si={(e1,..., 8un) E B i €npaer = A1y Enasz = G2y oy Enp = Apypa}.

We shall construct a unimodular matrix v so that ||[£ — 8
defined as above, is small.

Let k be a natural number. A partition A of { — 1, 1}** ‘will be called regular if
every member of A has 2* elements.

We shall use the following combinatorial fact from [6] (cf. Sublemma 4 there).

~, Where ¢ and B are

LEMMA 3. Let n be a natural number such that 16]n. There exist regular
partitions V. for e =1,2,3,...,2" of the set {—1,1}" such that

[ANB|=2""  forevery AEV,, BEV,withe#.
We shall also use the following obvious observation:

if of and & are arbitrary regular partitions of { — 1, 1}",
(22) then there exists a permutation p of {— 1, 1}"
such that p{A) &€ % forevery A € &.

By (20), Lemma 3 and (22), there exist regular partitions V/ and permutations p’
for ¢ € D;,, of the set E; such that

(23) [ANB|=2""  forevery A€V, BEV,withe#n,
(24) forevery A €V, the set p/,(A) equals one of the sets S7, defined in (21).
For ¢ =(¢1,...,¢,) € D; we define ¢, E E; by
€=(E1,.--, Enp)s & = (Enyar1y---» En )
Define now a function ¢; : E; X E; X D;.,—{—1,1} by
@ (e e" M)=w (e, ph(e")) fore',e"€E, h€ED,,

Without loss of generality we can assume that N = n,+n;+ - - -+ n, for some g.
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For ¢ =(¢1.....en) E{—1,1}" we denote
gl = (f ka1 € npbe b 420 00 e s 8n1+--»+n]) € D,‘

and finally we define

g1

s) oo =[] o @& e @ on’™) - o, (%, ).

5. 1In order to estimate the norm | & — 8|, we shall need a few technical
lemmas.

We shall write v = w if v can be obtained from w by permutation of columns
and multiplication of columns by *1.

We shall write u < w if u = u’ where u' can be obtained from w by deleting
some columns (i.e., replacing them by zeros).

Let us observe that, by (10} and by the triangle inequality,

(26) u<w implies [u’|=||w’| and [u*|=|w*|.

LemMa 4. Letu €EM,, let z € M, and let z, € M,, for n €{—1,1}" be such
that z, < z. Define y € M., by

(27) )’(E,Sra”fl,”l')zu(&"?)'ln(fl,”ﬂ') forg,nE{———l,l}"’ 8',77/6{—1,1}'"-
Then y <u-z.

PROOF. We just use the definitions: z, < z means that there exist a function
8, :{—1,1}" = {-1,0,1} and a permutation p, of the set {—1,1}" so that

zy(e',m)=8,(n) z(e', p (n").
Consequently, if we denote

S(mn)=86,(n"). p(mn)=(np.(n")).

we obtain
yle,e'smm)=8mn") (u-2)(e e p(n 7)),
e, y<u-z

Let k be a natural number. We define subsets S,, ¢ of {—1,1}* for
ae{-1.1} by

Sa={(5,,...,53k)6{—1,1}2k:£.=a1 ..... Ek:ak},

Sa:{(f:‘; ,,,,, egk)E{—I,l}Zk:£k+|=a1,...,a7k:ak}.
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Let S,B C{—1,1¥" We define a matrix wss € My, by

wx(e.m) fe €S, mEB,
wsp(e,n) =
0 otherwise.

LEmmA 5. Letac{-1.1}"
(i) For every b €{— 1,1} we have ws,s* ~ xx.
(i) If BC{—1,1¥" then ws,p<wx " T.

where « is a natural number such that

|IBNS,|=2"  foreverybe{—1,1}"
PROOF. (i) We have for &, n €{—1,1}*
wsws”(&"])zw(al,‘m)w(a:. Na) oo w(ak.nk)w(fku,bl) """ o (€2, bi)

ife,=an....ec = a, e1 = by, ..., M = b and ws_s» (6, ) = 0 otherwise, This
means that ws_s» is obtained from yx by multiplying its columns by the numbers
w(a.,m.... w(a, ) and by multiplying its rows by the numbers
(& i) oy o (&2, b ), respectively, by adding to it 2°* —2° columns and
rows, consisting entirely of zeros and by appropriately permuting (shifting) its
columns and rows.

(ii) We have

Ws, B = 2 Ws, Bns".
bey -1}k

For b €{—1,1}* let x, denote the b-th column of wx, i.e.

o (€, &) =w(&b) o (&. b)),

and let the vector y, be defined for € =(&.,...,e4)E{— 1.1} by

Xo(€kvrs. o en) fei=an,..., 60 = a,
)’b(Ely---,S:k) =

0 otherwise.

It is easy to see that ws » = u where u € Moy is a matrix each of whose columns
is equal to one of the y,'s, b €{—1,1}* and such that the number of columns
equal to y, is |[B N §"|. Consequently, ws,s < u' where ' is a matrix each of
whose columns is equal to one of y, and the number of columns equal to a
particular y, is 2°. But, clearly, u' ~ wx * 7..

Let [=q. For e'.m’ €D,, j=1,...,q we set
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q 1

O'(¢'.oocein' o =[] @ (e (&™) o, (%)
1=
(thus v = O', cf. (25)).
LEMMA 6. O~y u, for 1 =1...., q.

PrROOE. We use downward induction on [ For [ =g the claim is evident.
Suppose it is true for some [ =q. Let O €M, 24+ in, be defined by

O(e' el ... etiminl . n)=@a(e' n'.n") O e, ... efim' oY)
fore’.n'€E e \n' €D j=1.... g.ByLemma4, O ~ ..., @ ', which
s ~ to Wy 2

Since we have

[
the same argument as above shows that O~ inring.

LEMMA 7. Let A C{—1.1}",|A|=2". Let the matrices w'’x, w, be defined by
(8). We have

il = llou * - & [I*
oI =llwa * -7 o [I*
PrOOF. By (11), [|i]]* =]lwzl* where
B={(..... e)E{-1. I} e =€0in="=¢, =1}

It is casy to see that w}; ~ @, - §.-. and this by (9), implies the first equality. The
proof of the second one is analogous.

6. Our main task is to prove that ||£€ — 81|, is small. With this aim we define

B EX*R X by

B] = 277:)\. E v:e:b ® v(u;;b

u.hG(*l.l)Nl

where we denote
N=n-+n+--+n, j=1,....q

(let us recall that N = N, ) and v.» € M, for a, b €{— 1,1} are defined by (15).



354 A. SZANKOWSK! Isr. J. Math.

We have thus 8, = ¢ B, = 8.
Let us denote ¢ = min(|7"[.]|#"]]) and let A be such that

sup ”“w—"‘lnﬂ =7

w

We shall prove that

28) 18, = B | = 25 o,

The proof of (28) will take most of the remainder of the paper.

First we shall define a convenient representation of 8, — ;.. Here the
argument is very similar to the corresponding argument in [6].

Let us denote

D ={(a,C):a E{—I,]}N:’C E{w L]}NM}‘
Dl :{(a,c):a E{— ]’]}Nul‘c e{_ 1.]}Nl"},

Let y=2""3eovi.Qvh.. Let us denote for abe{-11}"% c€e
{_ 1.. I}N"', g E D]q]:

0 1]

_ 0 _
VYaihg = Vaib = Vuibigs Yagie = Ve ™ Vugie-

We have

B —y=2" Z Vie @ Vaer  y¥—Ba=2"" Z e @ Y.
(¢ D ()=

Next we define for a, B €{— 1.1} 1 and e.fEE ; A,.SCE;; gED;,:

H=H . rsep={a.c)eED:(a',....a" Y=ua(c'..... (=B d' =e ¢ =
A ES.EA =g}

H' =H asep={a.c)ED" :(c"..... d Y=wa (a', . ... a’ Y=, ¢ =e d =
fé&eSs aeAa =gl

we recall that, for a €{~1,1}" i =1,2,..., 9, we denote for j=1,2,... i
a’' =(a/\', (1 AN, ,+:“-.,ar\',—1.(lr\'l)
and

8 =8 esrsas= }; 0Ee Q) Voo
{a.c)EH

8‘ = 5;’-(‘«ﬁ/\.5,u_ﬁ = E U?f;r ® yu .

(a.c)EH!
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LEmMMA 8. We have

|8

yu w " .

/_“(("T’H

{u.c )i H

o] 3,0l g, d

‘ (” ” “~
tae )&H' (a.c)EH!

Proof. Let E denote the set of all functions from {— 1, 1} into {— 1, I} and
let F denote the set of all functions from {— 1, 1}™ into {— 1. 1}.
We have the following identities:

o-1e1 11 5 (g romoni ) Setomon. )]
=IE[FI'S S [(2s(a)n(b)v:f,z;h)@@(;e(a)n(b)ya.gzh)]

FEE nEF

(these formulas are simple applications of the invariance of trace, cf. the proof of
Lemma 2 in [6]).

Now let us observe that the matrix Xye(a)n(b)v.s, is obtained from the
matrix Xu v, by multiplication of rows and columns by =+ 1. By (10), this
implies

2 (a )n(b)‘Pa:h.g

H

Similar considerations yield the equalities

2 e(@M(b)Pags| =

H i

etc. This proves Lemma 8.

7. Let A,SCD; be fixed. Let us define E,FC{-1,1}" and F,,F,C
{—=1.1}" for g € D;.i by

E={ac{-1.1}":(a'....,a" V=a.d4; = ¢,4; €S},
F=lbe{-1L1N:(b".....b" Y=B.b=f b €A},
Fo={be{-1.13":(b'....0" Y=B,b=fbEAb"" =g
F,=F-F,
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For a matrix u € M, and for B, C C{—1,1}" we define us- € Mx by
u(e,m) ifeeB neC,
uB.C(&‘.n) =

0 otherwise.

Let us notice that

2 U(T:C = (UE‘FR)*s 2 U:“.C = (UFg,E)*s

(a.c)eH (a.cyeH!
(29)
2 Yaie = (UE.F;)”a 2 Yae = (UF‘S.E )0-
(a.c)EH (a.c)EH'

Observe that we have
ver(e.n)= (B d " e) gl B ) ¢ (fre e’
o (€A ) O (et ),
if £ €8 and %' €A and ver(e,n)=0 otherwise. Hence,
Uer, ~ Ura, and Ver;~ Ura,
where 4 € M, pin, +vn, and Ag, Ay, T C{~1,1}%*"""""" are defined by
u(e e et oY)
=@ YO (e ),
A, ={(e e, e e €A =g},
Ag={e", e’ ...e"):e' €A e # g},
T={e",...,e"): e €S}
(Here, as usual, &', ' denote elements of E,, and ¢, n' denote elements of D;.)

LEMMA 9. Let S =S, for some a €{—1,1}"/" and let A €EV.. Then

” vb’.Fg ”* = ”w "/+I+'“+"q“* “ ﬁnlﬂ * ”Xni/-l *7
(i
) [ e e A PN
H VEF, ”0 = ” w n,+1+~~+nq”“” a),.,/4”0” Tmy/32 “’
(ii)

lorze I =l oon [l 970

PrOOF. (i) By the preceding remarks, we have

boer 1" = Jura .
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For h € D;., define u, € M,,> by

u(e.n)=w'(e,p(n)) (= ¢i(e,mh)).

Evidently,
Ura, ~ (ug )S,A -0,

where O’ is defined for ¢’ € D, by
{O”’(e'“,...,e";n“‘,...,n") it e’ =g,
0 otherwise.

By Lemma 5(i) and by the fact that A €V, and thus pi(A)€E S? for scme
a €{-1,1}""", we get
1 dsa ¥ = o masl*.
By Lemmas 6 and 7 we obtain the first equality in (i). The second one is
completely analogous.
(ii) Like before, we have
Hoer, I = ura |
Let us apply Lemma 4 to u = O, z = w,s* 77,22 and z,, €M, defined for
n=(n",....n")ED;.x---xD, by
Zy = (Uni+1)sa if TIM # 8
7, =0 ifn'=g
(Here u,i~ is defined by (29).)
By Lemma 5(ii) and, by the fact that A € V;, we indeed have z, <z if n'"' # g
(cf. (23) and (24)) and. if n’"' = g, z, < z obviously. We see easily that the matrix

y. obtained by (27) from the above u and z,,is ~ to ur.a;. Consequently, by
Lemma 4,

Uray < Oiﬂwn,-u *Tn32.
By (7) and by Lemma 6,
Oj” C Wt T7ni32 ™ (L)r.,»+,+---+y.q C Wyt T7n,/32
and this yields the first equality of (ii). The second one is completely analogous.

8. Finally we can conclude the proof of (28) and of the Proposition. We sce
that, by Lemma 8, (29) and by Lemma 9, if
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§ED.. aBE(-LIV', efEE, AEV,

30
G0 §=S, forsomea€&{-1 1}""
then
18 ceinssl = g(“)“"/"|‘ W, ’10‘“4)\,,“““w,,,‘l'.., ; ,,('H*
(31

M I e sl M sl 7 e

(we used the inequality [[w,,  en,oimon |l =0

from (14)).
Clearly, B; —y =27 %8155, Where the summation ranges over all tuples,

w2 | which follows

satisfying (30). The number of such tuples is evidently equal to
O =Dy |- 2% - |E 228,
We obtain thus

18 —¥|.=2 " - Q- the right-hand side of (31).

Clearly,
y 72#\‘ - »)ll\' \ N M 2 LA RN
- - < ! ) ("’ I) ' (_ ! ) ) (~ e ‘4) A

'Ej |::2”’ and ’Dj+]‘:2”"|,
and, by (9) and (13),

Hwn,ntv '""|“”w"/h"”'*nqn* — (an‘: 0”(')1’
” 8'1, ‘o ”“H 19,,"| ”( _ 2""[‘
||X”l“||““X'll/JH* = 2”‘/_“

Making appropriate cancellations we arrive at

(32) B —v
Since [x II'= [l ||| 9"

C= 0w Tl IS T al

cand by (1), o, |[' = ¢ for every n, (32) and (9) yield
18 =yl = & o g R0 e s gt

By a completcly analogous argument we get also

by = Bl = £

and, from these two inequalities, (28) follows.
We shall now define the sequence {n;}. Let u be such that

(33) 1<p<I/32A-1/4 and p<2
(notice that, by (14), N < 1/40, thus 1/324 — 1/4 > 1). Finally, let y = £ "2,



Val. 49, 1984 UNIFORM APPROXIMATION 359

By (33) we have y <I. Let 1 =p,p.,... be a fixed (i.c.. independent of m)
scquence of natural numbers such that

[ =" for every i,

DEARES

Letus define n = m - p,. Evidently (19) and (20) are satisficd. Morcover, by (28),
”ﬁ/ . B] O H S 2(” w H“/I;)”‘ 1 (.-'4\,.] . é, ,,l*;j — 2)/"' — (2,YI’] )m.

We see now that the assumptions of Lemma 2(i1) are satisfied: given n >0 we

choose m = m(n) so that
34 2 )
(34) 2 )=,

and take k =2 Next we choose ¢ so that 2 ™7 = ¢, where N, is defined by
(27). By (16), (17), (28) and (34). {5) is satistied.

REMARK. A more careful computation yields that ¢, for p > 32 (and, dually,
for p <1+ 1/31) do not have UAP. We would of course like to know whether
the spaces ¢, for all p#2 do not have UAP.

It seems that to prove so. it would require a quite substantial change in our
proof. For, looking at the incquality (32), we sce that the only term which might
disappear in an “ideal” situation (i.c.. given the strongest possible lemma in line
with Lemma 3) is the term [[ro,,0]f, which comes from the incquality (23).
Dropping this term in (32). we still get that A should be <1 This, perhaps.
imdicates that for small p like p =4, ¢, might have UAP.
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